Abstract. Let F be a non archimedean local field of residual characteristic p and ℓ a prime number different from p. Let V denote Vignéras' ℓ-modular local Langlands correspondence [7] , between irreducible ℓ-modular representations of GLn(F ) and n-dimensional ℓ-modular Deligne representations of the Weil group W F . In [4] , enlarging the space of parameters to Deligne representations with non necessarily nilpotent operators, we proposed a modification of the correspondence of Vignéras into a correspondence C compatible with the formation of local constants in the generic case. In this note, following a remark of Alberto Mínguez, we characterize the modification C • V −1 by a short list of natural properties.
Introduction
Let F be a non-archimedean local field with finite residue field of cardinality q, a power of a prime p, and W F the Weil group of F . Let ℓ be a prime number different from p. The ℓ-modular local Langlands correspondence established by Vignéras in [7] is a bijection from isomorphism classes of smooth irreducible representations of GL n (F ) and n-dimensional Deligne representations (Section 2.1) of the Weil group W F with nilpotent monodromy operator. It is uniquely characterized by a non-naive compatibility with the ℓ-adic local Langlands correspondence ( [5] , [1] , [2] , [6] ) under reduction modulo ℓ, involving twists by Zelevinsky involutions. In [4] , at the cost of having a less direct compatibility with reduction modulo ℓ, we proposed a modification of the correspondence V of Vignéras, by in particular enlarging its target to the larger space of Deligne representations with non necessarily nilpotent monodromy operator (it is a particularity of the ℓ-modular setting that such operators can live outside the nilpotent world). The modified correspondence C is built to be compatible with local constants on both sides of the corrspondence ( [3] and [4] ) and we proved that it is indeed the case for generic representations in [4] . Here, we show in Section 3 that if we expect a correspondence to have such a property, and some other natural properties, then it will be uniquely determined by V. Namely we characterize the map C • V −1 by a list of five properties in Theorem 3.2. The map C • V −1 endows the image of C with a semiring structure because the image of V is naturally equipped with semiring laws. We end this note by studying this structure from a different point of view in Section 4.
Preliminaries
Let ν : W F → F ℓ × be the unique character trivial on the inertia subgroup of W F and sending a geometric Frobenius element to q −1 , it corresponds to the normalized absolute value ν :
local class field theory. We consider only smooth representations of locally compact groups, which unless otherwise stated will be considered on F ℓ -vector spaces. For G a locally compact topological group, we let Irr(G) denote the set of isomorphism classes of irreducible representations of G.
Deligne representations.
We follow [4, Section 4] , but slightly simplify some notation. A Delignerepresentation of W F is a pair (Φ, U ) where Φ is a finite dimensional semisimple representation of W F , and U ∈ Hom WF (νΦ, Φ); we call (Φ, U ) nilpotent if U is a nilpotent endomorphism over F ℓ .
The set of morphisms between Deligne representations (Φ, 
For Ψ ∈ Irr(W F ) we denote by o(Ψ) the cardinality of the irreducible line Z Ψ = {ν k Ψ, k ∈ Z}; it divides the order of q in F × ℓ hence is prime to ℓ. We let l(W F ) = {Z Ψ : Ψ ∈ Irr(W F )}. The fundamental examples of non-nilpotent Deligne representation are the cycle representations: let I be an isomorphism from ν o(Ψ) Ψ to Ψ and define C(Ψ, I) = (Φ(Ψ),
Then C(Ψ, I) ∈ Irr ss (D, F ℓ ) and its isomorphism class only depends on (Z Ψ , I), by [4, Proposition 4.18 ].
To remove dependence on I, in [4, Definition 4.6 and Remark 4.9] we define an equivalence relation ∼ on Rep D,ss (W F ). The equivalence class of C(Ψ, I) is independent of I, and we set 
We now recall the classification of equivalence classes of Deligne representations of W F of [4] .
We recall the following classical result about tensor products of segments.
Proof. In the ℓ-adic setting the corresponding statement can be translated into a statement on tensor product of irreducible representations of SL 2 (C), which is well-known and easily checked by the highest weight theory. The corresponding ℓ-adic representations are integral and ⊗ ss coincides with the standard tensor product on segments, the statement follows from reduction modulo ℓ of the ℓ-adic result.
L-factors.
We set Irr cusp (GL(F )) := n 0 Irr cusp (GL n (F )) where Irr cusp (GL n (F )) is the set of isomorphism classes of irreducible cuspidal representations of GL n (F ).
Let π and π ′ be a pair of cuspidal representations of GL n (F ) and GL m (F ) respectively. We denote by L(X, π, π ′ ) the Euler factor attached to this pair in [3] via the Rankin-Selberg method. We recall that a cuspidal representation of GL n (F ) is called banal if ν ⊗ π ≃ π. The following is a part of [3, Theorem 4.9].
, for brevity from now on we often denote such a class just by Φ, we denote by L(X, Φ) the L-factor attached to it in [4, Section 5], their most basic property is that
We need the following property of such factors.
has a pole at X = 0.
Proof. According to [4, Lemma 5.7] , it is sufficient to prove that L(X, Ψ ⊗ ss Ψ ∨ ) has a pole at X = 0 for Ψ ∈ Irr(W F ), but this property follows from the definition of the L-factor in question, and the fact that Ψ ⊗ ss Ψ ∨ contains a nonzero vector fixed by W F .
where for all k 1 and Z Ψ ∈ l(W F ), Φ acyc has no summand isomorphic to [0, k − 1] ⊗ ss St 0 (Z Ψ ); i.e. we have separated Φ into an acyclic and a cyclic part. Then following [4, Section 6.3], we set:
We denote by C D,ss (W F ) the image of CV :
, and call C D,ss (W F ) the set of C-parameters.
2.4. ℓ-modular local Langlands. We let Irr(GL(F )) = n 0 Irr(GL n (F )) where Irr(GL n (F )) denotes the set of isomorphism classes of irreducible representations of GL n (F ).
In [7] , Vignéras introduces the ℓ-modular local Langlands correspondence: a bijection
characterized in a non-naive way by reduction modulo ℓ. For this note, we recall Supp WF • V, the semisimple ℓ-modular local Langlands correspondence of Vignéras, induces a bijection between supercuspidal supports elements of Irr(GL n (F )) and Rep ss (W F ) compatible with reduction modulo ℓ.
In [4] , we introduced the bijection
which satisfies Supp WF • V = Supp WF • C. Moreover, the correspondence C is compatible with the formation of L-factors for generic representations, a property V does not share; in the cuspidal case:
We note another characterization of non-banal cuspidal representations: 
Amongst non-banal cuspidal representations, those for which k = 0 in the above statement, shall play a special role in our characterization. We denote by Irr
The characterization
In this section, we provide a list of natural properties which characterize CV : 
Proof. 
thanks to (2). However, writing τ for the non-banal cuspidal representation
, we have L(X, τ, τ ∨ ) = 1 according to Theorem 2.3 and Proposition 2.6, whereas
) has a pole at X = 0 according to Lemma 2.4, hence cannot be equal to 1. The conclusion of this discussion, according to (3) is
It follows that (1)- (3) characterize C| Irr * cusp (GL(F )) without reference to Vignéras' correspondence V. On the other hand any map CV ′ satisfying (1)- (3) So there is no chance that CV ′ will preserve direct sums because
In particular any compatibility property of CV ′ with direct sums will have to be non-naive. Here is our characterization of the map CV: (1)- (3) of Proposition 3.1, and suppose moreover
Proof. For Ψ ∈ Irr(W F ), it follows at once from Proposition 3.1 and (B) that 
Next we prove that Im(CV
, which is not the case thanks to Proposition 3.
for all j 2 we use the same trick as in the o(Ψ) = 1 case. Now take Φ ∈ Nilp D,ss , as we just noticed CV ′ (Φ) is a C-parameter and we write it
as in Section 2.3, where for each irreducible line Z Ψ we have fixed an irreducible Ψ ∈ Z Ψ . Then (A) and the beginning of the proof imply that
hence that CV ′ (Φ) = CV(Φ).
The semiring structure on the space of C-parameters
As (Nilp D,ss (W F ), ⊕, ⊗ ss ) is a semiring, the map CV endows C D,ss (W F ) with a semiring structure by transport of structure. We show that this semiring structure on C D,ss (W F ) can be obtained without referring to CV directly, thus shedding a slightly different light on the map CV.
We denote by G(Rep D,ss (W F )) the Grothendieck group of the monoid ([Rep D,ss (W F )], ⊕). We set
, is injective. Moreover, its image is stable under the operation ⊕. In particular, this endows the set C D,ss (W F ) with a natural monoid structure.
Proof. Note that h C is the restriction of the canonical surjection h to C D,ss (W F ). Let Φ, Φ ′ be Cparameters, as in Section 2.3 and the last proof, we write
where for each (Z Ψ , k), there are i, i ′ such that m ZΨ,k,i = 0 and m ′ ZΨ,k,i ′ = 0. Suppose that both Φ and
We thus get an equality of the form
where all sums are finite. Set J + to be the set of pairs (Z Ψ , k) such that a ZΨ,k 0 and J − to be the set of pairs (Z Ψ , k) such that b ZΨ,k := −a ZΨ,k > 0. We obtain + . The symmetric argument shows that for
which is impossible by assumption. Hence J = J + and a ZΨ,k = 0 for all Z Ψ ∈ J, which implies Φ = Φ ′ , so h C is indeed injective.
For the next assertion, suppose that
The assertion follows by induction.
In fact the tensor product operation descends on Im(h C ). The following proposition is proved in a similar, but simpler manner than the propositions above. to Nilp D,ss (W F ), then h Nilp is a semiring isomorphism and Im(h Nilp ) = Im(h C ).
The above propositions have the following immediate corollary. 
